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PART I 
SUMMARY OF WORK ACCOMPLISHED 

1.0 Introduct ion 

The majori ty  of t h e  research work accomplished under NASA 

g r a n t  N s G  129-61, f o r  t h e  period 1 November 1963 t o  30 Apri l ,  

1964 w a s  on t h e  development of t h e  concept of d i f f e r e n t i a l  reflec- 

t i v i t y  and i n  t h e  preparation of a paper present ing  the  concept. 

2 .0  Concept of D i f f e r e n t i a l  R e f l e c t i v i t y  

The concept of d i f f e r e n t i a l  r e f l e c t i v i t y  was developed t o  

f a c i l i t a t e  t h e  desc r ip t ion  of t h e  cont r ibu t ions  of d i f f e r e n t i a l  

su r f ace  elements t o  t h e  t o t a l  scattered f i e l d  a t  any given obser- 

va t ion  p o i n t  f o r  an a r b i t r a r y  f i e l d  inc ident  on t h e  body. T h i s  

concept appears t o  have considerable u t i l i t y  f o r  the so lu t ion  

of many problems involving s c a t t e r i n g  from an i n t e r f a c e  separ-  

scattered f i e l d  is  r ead i ly  resolved i n t o  i t s  d i r e c t  and cross -  

po lar ized  components s i n c e  it loses  none of i t s  vec tor  na ture  i n  

t h e  process of so lu t ion .  

The d i f f e r e n t i a l  r e f l e c t i v i t y  i s  a funct ion of t h e  loca t ion  

and o r i e n t i a t i o n  of t he  r e f l e c t i n g  sur face  with respec t  t o  t he  

observation poin t ,  t h e  p rope r t i e s  i n  t h e  inc iden t  and r e f l e c t i n g  

media, and of t h e  frequency of t h e  inc iden t  r ad ia t ion .  Therefore,  

one o r  more of t h e  parameters may be var ied s t a t i s t i c a l l y  t o  per-  

m i t  t h e  evaluat ion of t h e  re turn  f r o m  a body having, say,  a given 
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s t a t i s t i c a l  d i s t r i b u t i o n  i n  sur face  he igh t s  above a re ference  

datum together  with a given d i s t r i b u t i o n  i n  slopes.  

The de r iva t ion  of t h e  d i f f e r e n t i a l  r e f l e c t i v i t y  i s  given 

in Par+, 11 sectior, 2.0 of +*,is report. 

3.0 Application of D i f f e r e n t i a l  R e f l e c t i v i t y  t o  a Smooth Moon 

The concept of d i f f e r e n t i a l  r e f l e c t i v i t y  was appl ied t o  

t h e  case of back-scattered r e f l e c t i o n  from a l a r g e  smooth spher- 

i c a l  body ( i o e o  the moon) a t  a l a r g e  dis tance.  The value of t h e  

steady-state back-scat tered power was obtained a s  a funct ion of 

t h e  semivertex angle of an ideal con ica l  source. Application of 

t hese  s teady s t a t e  r e s u l t s  t o  experimental  d a t a  and t h e  assump- 

t i o n  of a pure dielectr ic  sphere y i e l d s  a minimum value for  t h e  

average dielectr ic  cons tan t  of  t h e  moon's sur face  material of 

1.53c0. 
I1 of t h i s  repor t .  

4 - 0  Future Research 

This work is  presented i n  sec t ions  3.0 and 4.0 of P a r t  

I n  t h e  appl ica t ion  of t h e  concept of d i f f e r e n t i a l  reflec- 

t i v i t y  t o  t h e  case of r e f l e c t i o n  from a l a r g e  sphere,  as presented 

i n  Part 11, c e r t a i n  simplifying assumptions w e r e  made. One of 

these  w a s  t h a t ,  for  a s u f f i c i e n t l y  l a r g e  body, a f a c t o r  contained 

i n  t he  d i f f e r e n t i a l  r e f l e c t i v i t y  could be approximated by t h e  

Fresne l  r e f l e c t i o n  c o e f f i c i e n t s  t o  a reasonable degree of accu- 

racy. The basis f o r  t h i s  assumption was t h a t  a d i f f e r e n t i a l  

element of sur face  on a body having a l a r g e  r ad ius  of curva ture  

could be approximated by an element of t h e  same area b u t  of zero 

curvature ,  
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The above approximation is no longer v a l i d  when bodies of  

s m a l l  r ad ius  of curvature  a re  considered. 

beginning a study t o  determine expressions f o r  t h e  d i f f e r e n t i a l  

r e f l e c t i v i t y  f o r  var ious geometric shapes which take i n t o  

account t h e  l o c a l  rad ius  of curvature of t h e  r e f l e c t i n g  surface.  

W e  are p resen t ly  

I n  P a r t  11, t h e  concept of d i f f e r e n t i a l  r e f l e c t i v i t y  was 

appl ied t o  t h e  lunar  sur face  t o  determine the average d ie lec t r ic  

constant .  I n  t h i s  appl ica t ion  it w a s  necessary t o  t rea t  the 

experimentally obtained lunar r e f l e c t i o n  d a t a  as quasi-steady 

s t a t e  i n  order  t o  be ab le  t o  make a comparison with t h e o r e t i -  

c a l l y  ca l cu la t ed  r e f l e c t e d  fields.  

t r a n s i e n t  problem. It is  hoped t h a t  such a so lu t ion  w i l l  expla in  

t h e  c h a r a c t e r i s t i c  shape of the  lunar  r e t u r n  power versus t i m e  

curve. 

This is  necessary s ince  t h e  

Another major area of fu tu re  inves t iga t ion  is t h a t  on the 

effects of small  s c a l e  roughness, of the order of a f e w  wave- 

lengths ,  on t h e  r e t u r n  s igna l  from a t a r g e t  body. This work, 

which is i n  i t s  beginning s tages ,  considers  var ious s t a t i s t i -  

c a l  models of t h e  r e f l e c t i n g  sur face  and w i l l  u t i l i z e  t he  concept 

of d i f f e r e n t i a l  r e f l e c t i v i t y .  

5.0 Publ ica t ions  

"The Concept of D i f f e r e n t i a l  R e f l e c t i v i t y  as Applied t o  the 

Reflect ion of B e a m - L i m i t e d  Radiation by a Convex Body," by A. 

Erteza ,  J. A. Doran, and D. H. Lenhert .  (Accepted f o r  publica- 

t i o n  i n  "Radio Science,  Journal of Research of NBC/USNC - URSI, 

Sect ion D . 'I ) 
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6.0 Travel 

The following t r i p  w a s  made by research personnel for 

purposes of discussion of research work, a t tending  t e c h n i c a l  

conferences aid exchanging research notes  with o ther  people 

i n  t h i s  o r  a l l i ed  f i e l d s :  

M r .  D. H. Lenhert attended t h e  conference on 

Signal  S t a t i s t i c s  and t h e  F a l l  TJRSI meeting 

a t  t h e  Universi ty  of Washington i n  D e c e m b e r  

1963. 



PAXT XI 
THE CONCEPT OF' DIFFERENTIAL RXFLECTIVITY 

1. Xntroauction 

I n  r e c e n t  years  numerous at tempts  have been made t o  obta& 

information on the p rope r t i e s  of  such d i s t a n t  bodies as the 

moon and neighboring p l ane t s  [Beslkmann, 19631. 

involves  analyzing and i n t e r p r e t i n g  t h e  backscatt ,ered radar 

r e t u r n  from these bodies .  

be analyzed from a number of d i f f e r e n t  aspec ts ,  depending on 

t h e  na ture  of information sought. 

such information as pu l se  ensemble averages f o r  discrete times 

dur ing  the r e t u r n  as w e l l  as au to -co r re l a t ions ,  cross-correla- 

t i o n s ,  and var iances  thereof  may be found. But even for  a body 

as c l o s e  a s  t h e  moon, t h e  information t h a t  can be obtained from 

such analyses  w i l l  r ep resen t  g ross  averages over large areas of 

t h e  body. 

A major method 
d 

This backsca t te red  radar  r e t u r n  may 

Through s t a t i s t i c a l  a n a l y s i s ,  

Information of p a r t i c u l a r  i n t e r e s t  is  t h e  value of each o f  

the  electromagnetic p rope r t i e s ,  such a s  c ,  p, and 0 8  which even 

i n  simple n o n - s t a t i s t i c a l  problems are extremely d i f f i c u l t  t o  

s epa ra t e  from each o the r .  However, t h i s  s epa ra t ion  can be 

achieved when t h e  d a t a  i s  examined i n  the l i g h t  of some s impli-  

fy ing  theory  capable of p red ic t ing  the r e t u r n  f o r  sharp ly  def ined 

ideal condi t ions .  An analys is  of the r e t u r n  data toge the r  with 

t h e  

the 

t h e o r e t i c a l  s o l u t i o n  should then y i e l d  average va lues  f o r  

electromagnetic q u a n t i t i e s  sought. 

-5- 
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This paper presents an exact solution describing the 

radar r e t u r n  from a simple geometric shape and an application 

of this solution to the case of an idealized moon. 

case of the moon, the idealization i s  necessary to de-emphasize 

In the 

the contribution of factors such as roughness and local varia- 

tions in electromagnetic properties. 



2. THEORY 

2.1 The Concept of D i f f e r e n t i a l  R e f l e c t i v i t y  

A concept w h i c h  w i l l  prove u s e f u l  i n  the development of 

the theory  outlined i n  this p q e r  is tht of "differential 

r e f l e c t i v i t y " .  This i s  a dyadic quant i ty .  When th i s  dyadic 

is mul t ip l i ed  by a d i f f e r e n t i a l  su r f ace  area and t h e  vec to r  

f i e l d  inc iden t  on t h a t  a rea ,  t h e r e  r e s u l t s  an expression of 

the con t r ibu t ion  of t h a t  surface element t o  t h e  s c a t t e r e d  

-- F +  el4 at az arbitrary obseriatioii paint .  

r e f l e c t i v i t y  is a func t ion  of the following: 

The d i f f e r e n t i a i  

1. Location and o r i e n t a t i o n  of t h e  su r face  with r e s p e c t  

t o  the observat ion po in t .  

P r o p e r t i e s  of t h e  t w o  media separated by the surface. 2. 

3 .  Frequency of t h e  inc iden t  r a d i a t i o n ,  0). 

For t h e  case of s teady s t a t e  i n c i d e n t  r a d i a t i o n  the  r e f l e c t e d  

Il f i e l d ,  f o r  instance,may be described by 

PP 

-b 

where rl and zo denote t h e  coordinates  of t h e  f i e l d  p o i n t  

and the su r face  po in t s ,  respec t ive ly .  

i n c i d e n t  vec to r  f i e l d  a t  t h e  s u r f a c e  So. 

dyadic d i f f e r e n t i a l  r e f l e c t i v i t y .  

-D 

l l i ( 2 0 , w , t )  is  the 
A - .  + 
d(rl,ro80) is the 

-7- 
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Consider now t h a t  t h e  r a d i a t i o n  inc iden t  on a surface is  

from a pulsed, "conical"  source. A "conical"  source i s  under- 

s tood  t o  be one whose r a d i a t i o n  i s  l imi t ed  t o  a cone of v e r t e x  

angle  a. Within t h e  cone t h e  electric and magnetic f i e l d s  are 

uniform over 'any s p h e r i c a l  su r f ace  centered  on the source.  

Ex te r io r  t o  t h e  cone they are  i d e n t i c a l l y  zero. L e t  t h e  source 

radiate between times t = O  and t=T a s i n u s o i d a l l y  varying carrier 

wave of angular frequency 'uo. 

t r a v e l i n g  wave impinges on ZR infinite p1ar.e =surface which 

separ 'a tes  all of space i n t o  two s e m i - i n f i n i t e  regions,  each of 

which i s  f i l l e d  w i t h  a homogeneous medium. The po r t ion  of 

the plane in t e rcep ted  by the  cone i s  given by So. 

of  t h e  back-scat tered f i e l d  a t  an a r b i t r a r y  observat ion p o i n t  

is  des i r ed .  

A t  some la ter  t i m e  t h e  outwardly 

The i n t e n s i t y  

if one r ep laces  the inc ident  wave packet with an i n f i n i t e  

s e t  of s teady s ta te  ( con ica l ly  bounded) i n c i d e n t  waves obtained 

by means of the Four ie r  transform, one may so lve  f o r  t h e  con- 

t r i b u t i o n  of a t y p i c a l  member of  t h e  family o f  s teady  state 

waves and, f i n a l l y ,  sum up o r  i n t e g r a t e  these con t r ibu t ions  

over the whole family t o  obtain t h e  s o l u t i o n  t o  the o r i g i n a l  

problen;. It may be observed t h a t  Weyl's method of expansion 

i n t o  plane waves is  not  appl icable  t o  the beamwidth l imi t ed  

case . 
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Using t h e  expression for  the  d i f f e r e n t i a l  r e f l e c t i v i t y ,  

t h e  con t r ibu t ion  t o  the t o t a l  f i e l d  a t  the observat ion p o i n t  

due t o  a con ica l  bounded t y p i c a l  m e m b e r  of the family of 

s teady  s ta te  waves can be w r i t t e n  as 

AA 

- +  
w h e r e  6 (rl,ro,co) is  the d i f f e r e n t i a l  r e f l e c t i v i t y  and 3i(zo,cuo,co) 

is the complex phasor f o r  the i n c i d e n t  f i e l d  due t o  the s teady  

s ta te  wave of angular frequency a, 

scattered f i e l d  is then  

The t i m e  dependent t o t a l  
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2.2 Theory of D i f f e r e n t i a l  R e f l e c t i v i t y  

With a t t e n t i o n  focused on only one m e m b e r  of  the family of 

s teady  s t a t e  waves, a der iva t ion  of t h e  theory involving t h e  

concept of d i f f e r e n t i a l  r e f l e c t i v i t y  will now be shaivn, - Lp_t 

the H e r t z  vec to r  due t o  the component s teady  s ta te  i n c i d e n t  

wave be descr ibed 

Ri(S0,U,t)  = 

+ 
f o r  a l l  p o i n t s  r 

0 

by 
ik2Ro 

e - i w t  -4 

e 5'0 Ro (4) 

-. 
i n f i n i t e  p lane  su r face  it i s  i d e n t i c a l l y  zero. 

u n i t  vec to r  i n  the Hi d i r e c t i o n ,  Co is  a scalar cons t an t  r e l a t i n g  

t o  the source s t r eng th ,  k2 = k2(u) is  the propagation cons tan t  

i n  t h e  inc iden t  medium, and Ro = ro - r 

vec to r  from the o r i g i n  t o  the source p o i n t .  

H e r e  aT is  t h e  
4 

+ 4 4 

where GS is  t h e  r a d i u s  
S I  

If the o r i g i n  is taken i n  t h e  i n f i n i t e  plane su r face  (the 

x-y plane)  of which Sa i s  a reg ion ,  and t h e  source has  t h e  rec- 

t angu la r  coord ina tes  (O,O,z ) ,  so t h a t  S 

R~ = l;o - 4 r,i = J xo 2 + y: + z s  2 

t h e r e  can be w r i t t e n  

where = J xc, 2 + y;* + z 2 
S R; 
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Using *e Fourier  i n t e g r a l  expansion one may w r i t e  

iu(xo-x;) + i v ( y  - y ' )  
dudv (6) 6(xo - X A ) 6 ( Y o  - Y;) = 

0 0  

-. 
so t h a t  the inc iden t  f i e l d  a t  each po in t ,  ro, of the su r face  is 

given by 

If now r = ,/xo 2 + yo 2 +zo 2 

t h e r e  can be obtained by ana ly t i c  cont inua t ion  t h e  expression 

ik2R; Q) i W i  [SS +oe dudv]dxAdy; (8) 
-.) ni(3,u,t)  = e-iut ss e 

-m 47r2 RA 

2 2 
where wi = u(xo-x;) + v(yo-y;) - 2 0 ,/k; - (u  + v ) . 

4 

The expression (8) w h i c h  reduces t o  (7) for  3 = ro i s  s u b j e c t  t o  

the following i n t e r p r e t a t i o n :  it can be considered t o  be the 

f i e l d  due t o  an i n f i n i t e  c o l l e c t i o n  of p lane  waves, symmetrically 

d i s t r i b u t e d  about the l o c a l  normal t o  the inc iden t  wave f r o n t ,  

which combine a t  a p o i n t  on the  r e f l e c t i n g  su r face  t o  y i e l d  

the n e t  i nc iden t  f i e l d  due t o  the o r i g i n a l  source.  

ga t ion  cons tan t  assoc ia ted  w i t h  each of the p lane  waves is  so 

determined t h a t  t h e  e n t i r e  c o l l e c t i o n  adds t o  a two-dimensional 

d e l t a  func t ion  a t  the  p o i n t  i n  quest ion.  

The propa- 
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Consider now a Her tz ian  plane wave having a propagation 

vec to r  w i t h  components [u, v ,  dk,' - (u2 + v2)1  and p o l a r i z a t i o n  

i n  the d i r e c t i o n  aT t o  be reflected from t h e  su r face ,  

reflected plane wave w i l l  be described through t h e  use  of a 

dyadic r e f l e c t i o n  c o e f f i c i e n t  Q(u,v) .  

- 
-b The 

A t  an observat ion p o i n t  

Q(<) the t o t a l  reflected f i e l d  due t o  i l l umina t ion  of t h e  sur -  

face So by the i n f i n i t e  set of plane waves w i l l  be given by 

where Wr = u(xl - x;) + v(yl -y;) + z1 ,/k2 2 - (u2 + v*) . 
Comparison w i t h  (1) y i e l d s  t h e  d i f f e r e n t i a l  r e f l e c t i v i t y  

The form of the components of the  r e f l e c t i o n  c o e f f i c i e n t  9 w i l l  

depend on the na tu re  of t he  sur face  So, 

i ca l  they  may be derived f r o m  M i e ' s  s o l u t i o n  for  a p lane  wave 

i n c i d e n t  on a sphere.  

reduce t o  the ord inary  F resne l  r e f l e c t i o n  c o e f f i c i e n t s .  

I f  the su r face  i s  spher- 

For an i n f i n i t e  plane su r face  they 
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2.3 
For purposes of computation it w i l l  prove use fu l  t o  

Derivat ion of t h e  Components of 6 

eva lua te  t h e  vec tor  q u a n t i t y  

Refer r ing  t o  f i g u r e  1 , l e t  t he re  be def ined two coordinate  

systems having the i r  o r i g i n s  a t  t h e  p o i n t  P on t h e  r e f l e c t i n g  

sur face .  

of u n i t  vectors a 

gonal se t  ap, aN and an. H e r e  an i s  the  p o s i t i v e  u n i t  normal 

t o  the r e f l e c t i n g  su r face ,  ar is i n  t h e  d i r e c t i o n  of the pro- 

The Q system w i l l  be def ined by t h e  orthogonal s e t  

and t h e  K system by t h e  or tho-  
4 4 4 

and a t' ar n 
-+ * * * 

4 

-. 
j e c t i o n  of R, on t h e  t a n g e n t  plane through P ,  and 4 at = -+ a x 4 a . r n 

The vec to r  2 
j e c t i o n  of k 

is  i n  t h e  d i r e c t i o n  oppos i te  t o  that  of t h e  pro- 
P 

on t h e  tangent  plane and % = a 
2 n 

M -+ + 4 

x ap. 

Tnese two re ference  systems a r e  i n  add i t ion  t o  t h e  primary 

re ference  system i n  which, i n  a general ized problem, the sur -  

face normal changes d i r e c t i o n  as one t r a v e r s e s  t h e  su r face  

under considerat ion.  



-14- 

me vector  (11) may be resolved as follows: 

i W r  
a V C e  dudv P PP P 

-m 

m 
i W r  

dudv 1 

-OD 

i W  
+ 2 znvnnCne dudv = % + + Zn 

47r2 -OD 

where 

from an i n f i n i t e  p lane  sur face  it can be shown t h a t  

arco = -.. a p C p  + 4 a& + 4 a C For plane &waves r e f l e c t i n g  
-.. 

n n'  

% cos a - ,/n2 - s i n 2  cy . (z) 

,/I22 + v 2 

k,2 
where dl = angle  of incidence = sin-? ( ), and n = 

L 

index of r e f r a c t i o n  = - kl . I n  t h i s  case Vpp and Vm are iden- 

t i c a l  wi th  t h e  Fresne l  r e f l e c t i o n  c o e f f i c i e n t s .  
k2 

Off-diagonal 

components of are i d e n t i c a l l y  zero by v i r t u e  of t h e  choice 

of re ference  system. 
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w h e r e  

Let u 

v 

= h COS /3 = k 

= A sin ,!3 = k 

1 
y -y' = plsin cpl 

Pi = R1 sin 8, 

= R~ cos el 

sin o! cos f i  

sin a sin fi 
2 

2 
xl-x;, = P p o s  cp 

1 0  

1 

On substitution into (12)  one obtains 

+ 
= a  n 

Also one can obtain 
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Approximate eva lua t ion  of 3 and as given i n  (15) and n 
(16) may be made by use of the saddle-point  method LBrekhovskikh, 

19601 which, under t h e  assumption k R s i n  *e1 > > 1, yields 2 1  

4 

From t h e  expression C = 6.znCo w e  now f ind  

as t h e  components of t h e  d i f f e r e n t i a l  r e f l e c t i v i t y  with r e spec t  

t o  t h e  designated coord ina te  system. 

S i m i l a r  r e s u l t s  may be obtained f o r  su r faces  of  a r b i t r a r y  

curva ture  by use of t he  appropriate  form of t h e  r e f l e c t i o n  coef- 

f i c i e n t .  It is  r e a l i z e d  t h a t  eva lua t ion  of t h e  r e f l e c t i o n  coef- 

f i c i e n t  9 f o r  a plane wave inc ident  on an a r b i t r a r y  su r face  may 

be a problem i n  i tsel f .  
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3 .  Application t o  t h e  Idea l i zed  Moon 

An app l i ca t ion  of the  method t o  t h e  case of a l a r g e  spher i -  

c a l  o b j e c t  such as t h e  moon can e a s i l y  be made with t h e  a i d  of 

a few approximating assumptions. I n  p a r t i c u l a r ,  t h e  s p h e r i c a l  

o b j e c t  w i l l  be assumed t o  be a smooth sphere of l a r g e  rad ius ,  

a ,  and composed of a homogenous l o s s l e s s  substance.  G e o m e t r y  

p e r t i n e n t  t o  the problem i s  shown i n  f i g u r e  3 .  The o r i g i n  of 

t h e  s p h e r i c a l  coordinate  system is  loca ted  a t  t h e  c e n t e r  of 

t he  sphere with t h e  source and t h e  receiver being loca ted  a t  

r = D and 8 = 0. Addit ional ly ,  l e t  8 = - and cp = 0 define the 2 '  
p o s i t i v e  x-axis ;  and 6 = 0 def ine  t h e  p o s i t i v e  z-axis.  

L e t  t h e  source be an e l e c t r i c  d ipo le  o r i en ted  i n  t h e  

x-d i rec t ion  so t h a t  

where 'Po i s  t h e  d i s t ance  f r o m  the source t o  a p o i n t  on the s u r -  

face of t h e  sphere.  It i s  r ead i ly  seen t h a t  

Ct - - - C sin cp 

cr - - - c cos cp cos e 

'n 0 

0 

0 

= C cos cp s i n  8 
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aaal fe ing thae ~ R o  p r o p w  r o f l w e i s n  a o o r f i o i o n l s  to UIB 

i n  t h i s  case would be t h o s e  obtained from M i e ' s  s o l u t i o n  t o  t h e  

pxb-oblem 0 f  a plane wave insidant QXI a sphere, the assrunp.t;ion 

is  now made t h a t  due t o  t h e  very l a r g e  r ad ius  of the sphere com- 

pared to t h e  wavelength of t h e  inc iden t  r a d i a t i o n ,  t h e s e  reflec- 

t i o n  c o e f f i c i e n t s  may be replaced by t he i r  l i m i t i n g  values  as 

t h e  r ad ius  of the sphere increases  without  l i m i t .  

va lues  are, ip so  f a c t o ,  the Fresnel  r e f l e c t i o n  coeEf ic ien ts  as 

given i n  (13). 

These l i m i t i n g  

From (l), (18) and ( 2 0 )  there is  obtained 

-b ii = -.c0 5in cp vm(o1) + a cos 9 cos e vPp(e1) r r 
S 

where R 

t o  the observat ion po in t .  

by Ro so as t o  ob ta in  t h e  back-scattered f i e l d  a t  t h e  p o s i t i o n  

05 t h e  source one f i n d s ,  on performing t h e  i n t e g r a t i o n  over cp, 

t h a t  ( 2 1 )  vanishes.  However, a s  w i l l  be shown, the E' and H' 
f ie lds  a t  t h i s  p o i n t  do n o t  vanish.  W e  w i l l  then be a b l e  t o  

compute t h e  n e t  power i n c i d e n t  on an antenna of given e f f e c t i v e  

area. 

i s  as before ,  t h e  d i s t ance  f r o m  a p o i n t  on t h e  sur face  

I f  i n  this expression one r ep laces  R 
1 

1 
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The elementary far f i e l d  cont r ibu t ions  t o  t h e  2 and fields 

a t  t h e  observat ion point are given by 

6?I(R1) = wk C (2 x 6s ) 2 2  R r 

+ + .  a COS e l  -+ + 
where aR = a s i n  r n 
and 

6 3  = -.co r 

+ 

+ an 

One obtains; 

2 

27ri 
+ 

cos el at s i n  cp vm(el) + a, COS cp COS 6 vpp(o1) [' - a k2 

ik2R1 ik2Ro 
e s i n  Bdedcp. (23 )  cos cp s i n  8v 

R1 RO 

4 4 

over . cp ,  t h e  remaining components of E and H 

where Ro w D an8 8, M 8 have been used as approximations s i n c e  

D > > a .  
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I n  order  t o  ob ta in  numerical r e s u l t s  f o r  t h e  problem a t  hand, 

the Fresnel reflection coefficients Vpp and Vm are replaced at 

t h i s  p o i n t  by t h e  expressions 

V' = L cos2 e + L~ cos e - 1 NN 1 

where 

and 

h = cos 8, 

where 8 

approximation is  based on matching the  curves V p p ( 0 )  versus 8 

and V 

and 8 = 8,. 
c i e n t s  Vip and V' 

case: 

i s  t h a t  angle s a t i s f y i n g  t h e  r e l a t i o n  VPP(eb) = 0. The b 

( e )  versus  0 a t  t h r e e  poin ts ,  namely, a t  0 = Oo, 8 = goo NN 

Figure 4 shows the approximate r e f l e c t i o n  c o e f f i -  

i n  r e l a t i o n  t o  t h e  exac t  c o e f f i c i e n t s  f o r  the NN 

I - C l  = c12' CY1 = o2 = 0 and n = 1.5 



-2 1- 

L e t  now 

acuk2  2, 2 0 ,  c 
H W  
Y 2D2 

where 

On s u b s t i t u t i o n  of t h e  expressions f o r  V i p  and V' 

af ter  i n t e g r a t i o n  and dropping of t e r m s  involving powers of  

2k2a 

t h e r e  r e s u l t s ,  NN 

higher  than t h e  first,  ' 

i 2 k 2 D  

2k2a ma) - foe -i2k2a1 hi'" a cos ea 
2 I = -  e 

where fo  = 2p 

and 
q e a >  = ZL cos 5 ea + ~ L ~ C O S  4 ea + ( L ~  - L + 2) c0s3 ea 

3 . 3  

+ ( L ~  - L cos2 ea - 2 cos  ea 4 
Fro= Ene r e l a t i o n  

i s  obtained 
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S is t h e  average s teady s t a t e  power re turned  f o r  a f ixed  beam- 

width 2eZa of i l lumina t ion ,  corresponding to an i l lumina ted  

area of t h e  sphe r i ca l  su r f ace  subtended by t h e  po la r  angle ea  
(measured a t  t h e  o r i g i n ) .  

i n  f i g u r e  5. 
The angles  ea  and 6za are shown 

Now it is des i r ed  t o  eva lua te  C: i n  t e r m s  of normal radar  

q u a n t i t i e s  i n  order  t o  ob ta in  t h e  power received Pr by t h e  

radar. I f  PT is  the peak power r ad ia t ed  by t h e  antenna, G 

t h e  ga in  of t h e  t r a n s m i t t i n g  antenna over an i s o t r o p i c  antenna, 

and G,, is  t h e  gain of a s h o r t  d ipo le  over an i s o t r o p i c  antenna 

(= 3/2) ,  then  the power which must be rad ia t ed  by t h e  s h o r t  

d ipo le  (WsD) t o  y i e l d  t h e  same power dens i ty  i n  t h e  main lobe 

is given by 

is  T 

i- 

WSD = - ' T ~ T  - 2 P ~ G ~  
GSD - 3  

The received power, Pr ,  is given by 

P =  r 

where GR is  t h e  rece iv ing  antenna ga in  over an i s o t r o p i c  

antenna and h is  t h e  wavelength a t  

Using (321, (331, and (34) ,  
n 

frequency o. 

(35) becomes 

( 3 3 )  

(35) 



It can be observed t h a t  the t h i r d  t e r m  of F (ea )  as given i n  

(32) is extremely s e n s i t i v e  t o  v a r i a t i o n s  of e,. This is because 

of the l a r g e  value of k2a for a body of t h e  s i z e  of the moon a t  

microwave frequencies.  

f o r  three d i s t i n c t  s i t u a t i o n s :  

Figure 6 shows F(Ga) p l o t t e d  versus  8, 

cosL2;c2a(l - cos ea)] = 1, 0, -1 

Noting tha t  F(8,) converges t o  only one value f o r  e 
( 3 6 )  becomes 

= go0, a 

(37) 

The las t  t e r m  i n  (38) is  j u s t  the radar s c a t t e r i n g  c r o s s  s e c t i o n  

of a sphere,  that is  t h e  power r e f l e c t i o n  c o e f f i c i e n t ,  p 2 , t i m e s  

2 t h e  geometrical  c ros s  sec t ion ,  .rra . The f i rs t  p a r t  of ( 3 8 )  is  

j u s t  t h e  s tandard two way radar range eqca t ion  ken, 19511. 

Therefore,  t h e  r e s u l t s  tha t  a re  obtained i n  t h i s  paper using t h e  

concept of d i f f e r e n t i a l  r e f l e c t i v i t y  a r e  i d e n t i c a l  w i t h  those 

obtained under t h e  same condi t ions using t h e  M i e  so lu t ion .  How- 

ever ,  us ing  t h e  method presented in t h i s  paper one can ob ta in  the 

s teady  s ta te  power returned for any s p e c i f i c  antenna p a t t e r n  

inc luding  p a r t i a l  i l lumina t ion  of the moon. This  cannot be 

done by any o t h e r  known method. 
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4. An Application t o  Experimental D a t a  

Since it is  o f t e n  poss ib le  t o  ob ta in  information about t h e  

t r a n s i e n t  s o l u t i o n  of a problem f r o m  i t s  s teady state solut ion,  

a.*: atteiapt is rrrade hsze t o  p r e d i c t  t h e  p o s s i b l e  t r a n s i e n t  solu-  

t i o n  of the problem under cons idera t ion  without  performing the 

i n t e g r a t i o n  ind ica ted  i n  ( 3 ) .  L e t t i n g  e a  be considered as 

a func t ion  of t i m e  it is  seen tha t  f i n  F(Oa) is  independent 

of t i m e  and w i l l  be accepted by t h e  rece iver :  f ( e a ) ,  i s  a slowly 

varying func t ion  of time and would, no doubt, show up i n  the 

receiver output .  The l a s t  term, being a high frequency term 

(of the order  of t h e  t ransmit ted frequency),  would n o t  be passed 

through t h e  r ece ive r  because of i t s  band .pass c h a r a c t e r i s t i c s .  

The r ise  t i m e  of t h e  first two t e r m s ,  however, would be too h igh  

f o r  an  ordinary r ada r  rece iver ,  and the i n i t i a l  po r t ion  

r e t u r n  s i g n a l  would be l i m i t e d  by the s t e p  response of t h e  

r ece ive r  and/or t h e  t ransmi t ted  waveform. 

0 

of the 

I n  addi t ion ,  i n  t h e  p r a c t i c a l  case of r e t u r n  f r o m  the  moon, 

roughness over t h e  f i rs t  f e w  Fresnel  zones would cause a consid- 

erable modification i n  t h e  received i n i t i a l  s lope  g iv ing ,  poss ib ly ,  

an ensemble average s lope  of the received pu l ses  less than  t h a t  

of the  r ece ive r  s t e p  response.  

average returned power i n  an experiment should be i n d i c a t i v e  of 

average electromagnetic p rope r t i e s  of t h e  moon’s su r face  for the 

assumption t h a t  the su r face  roughness is neg l ig ib l e .  I f  the 

roughness w e r e  no t  neg l ig ib l e ,  t he  maximum average va lue  would 

be less than t h a t  f o r  t h e  case  involving no roughness. Corre- 

I n  any case t h e  maximum of t h e  
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spondingly, LIS average electromagnetic p rope r t i e s  obtained by 

matching t h e  maximum ensemble average of a c t u a l  r e t u r n s  with 

the maximum indica ted  by this theory ( f o r  a smooth moon), would 

y i e l d  t h e  minimum average values f o r  the a c t u a l  moon. 

The received power w i l l  now be calci-ilated and applied to 

the d a t a  obtained from a pulse  r ada r  lunar  r e f l e c t i o n s  experik 

menk by Mathis 119631. 

DC and slowly varying t e r m s  of F(Ba) w i l l  be used i n  t h e  compu- 

t a t i o n  of Pro  

By the  previous d iscuss ion  only the 

The r ada r  parameters of Mathis'  experiment are 

Ink, --.*_I-.-- --- 1 + ~ + a d  --- in tz3le I.. A A A c i  ~ ~ i ~ . - . ~ L u t L  value of ~ ( a  1 is a 

[fo2 + f2 (ea ) ]  = 
max 

Then (36) becomes 

2 
P - - GT GR 'T 

rmax ( 4 ~ ) ~  D4 

and on l e t t i n g  

6 PT = 2 . 5  x 10 

D 

a 

wat ts  

= 2.34 x 10 5 miles 

= 1.08 x 10 3 miles 

GR = GT = 37.5db 

P (dbm) = - 77.3 + 20 loglo p 
rmax 

Now using M a t h i s '  
r m a x  

one ob ta ins  l p l  = 0.106 and upon l e t t i n g  pl = p2 

maximum value f o r  P of - 96.8 dbm,  
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1 +  
1 -  n =  p 

P 

T h i s  y i e l d s  a minimum average value of E f o r  the material com- 

posing the moon's surface.  

cons i s t ent  with those obtained by other invest igators .  

Thus cave = l .53c0,a value which is 
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5. Conclusions 

This paper has  presented an exac t  s o l u t i o n  t o  beam-limited 

r e f l e c t i o n s  of a con ica l ly  bounded s p h e r i c a l  wave from a s e m i -  

infinite plar?e thro-~gh t h e  iise of tke different ia l  r e f i e c t i v i t y .  

I n  genera l ,  the  use of d i f f e r e n t i a l  r e f l e c t i v i t y  provides a 

method f o r  decomposing t h e  r a d i a t i o n  from an a r b i t r a r y  source 

i n t o  an i n f i n i t e  s e t  of plane waves a t  each p o i n t  of t h e  i l l u -  

minated area so t h a t ,  i n  order  t o  determine the reflected f i e l d s ,  

siily the rer ' iect ion c o e f f i c i e n t s  f o r  a plane wave inc iden t  on 

the body need be known or approximated. 

shown t h a t  the approximate r e f l e c t i o n  c o e f f i c i e n t s  f o r  a convex 

body with e i t h e r  a l a r g e  rad ius  of curva ture  or c o n s i s t i n g  of a 

l o s sy  medium are t h e  Fresne l  c o e f f i c i e n t s .  

It has been q u a l i t a t i v e l y  

The theory has been applied t o  t h e  case i n  which a beam- 

l imi t ed  s p h e r i c a l  wave is  inc ident  on a smooth sphere.  The 

s teady s t a t e  back-scat tered power re turned  from t h e  sphere is  

obtained.  The-time average steady s t a t e  power re turned  d i sp lays  

very  r a p i d  f l u c t u a t i o n s  with the  inc rease  i n  t h e  number of 

F resne l  zones i l luminated.  'Upon matching t h i s  expression for  

average power with the appropriate  experimental  data a s  obtained 

f r o m  t h e  moon, t h e  minimum value fo r  the average d i e l e c t r i c  con- 

s t a n t  i s  found t o  be 1.53. 
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This method, using t h e  d i f f e r e n t i a l  r e f l ec t iv i ty ,p roves  

to be a useful t o o l  which can also be appl ied  d i r e c t l y  t o  the  

case of acous t ic  s c a t t e r i n g .  

t a l  computers, t h e  r e s t r i c t i o n s  imposed he re in  merely t o  f a c i l i -  

t a t e  computatiqn can be e a s i l y  relaxed. 

be e a s i l y  modified so as t o  incorpora te  s t a t i s t i c a l  v a r i a t i o n s  

i n  any e l e c t r i c a l  o r  geometrical  parameters. 

With t h e  use of high-speed d i g i -  

The method may a l s o  
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Table 1. Trinidad Test  S i t e  Radar Parameters 

[Mathis I 19631 

ANTENNA 84 f o o t  Parabolic D i s h  en Az-El. Meunt 

37.5 db Gain 

2.25'Beamwidth 

Transmit one P o l a r i z a t i o n  

Receive Transmitted and Orthogonal 
P o l a r i z a t i o n  

TRANSMITTER Cont inenta l  Electronics AN/FPT - 5 

425.0 MCS 

2000 Microsecond Pulse  

30 or 30.2 Pulses/Second 

2 .5  Megawatts Peak Power (Nominal) 

Rectangular Pulse  

RECEIVERS N o i s e  Figure 5.5 db M a x i m u m  

Frequency S t a b i l i t y -  1 p a r t  i n  10 
i n  33 mill iseconds 

Gain S t a b i l i t y -  . 2 5  db i n  4 hours 

Dynamic Range- 40 db (Linear)  

Bandwidth 4.7 KCS 
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Figure 1. Ref lec t ion  Geometry 
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INCIDENT 

I DIFFERENTIAL 
I SURFACE 

Figure 2.  R e f l e c t i o n  from N o n - P l a n a r  Surface 
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Figure 3. Geometry for Reflection from a Sphere 
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ea  - (Degrees) 

Figure 4. Comparison of Exact and Approximate 
Ref l ec t ion  Coeff ic ients  
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S 

ILLUMINATED 

Figure 5. Beamwidth-Limited Illumination 
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I I I 1 I I I I 

n = 1.355 
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8 ,  - (Degrees) 

Figure 6 .  Relative Amplitude of t h e  Envelope 
of S Versus ea. 


